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Abstract
Historians have always seen jabr (restoration) and muqa¯bala (confrontation) as technical terms for specific operations in Arabic
algebra. This assumption clashes with the fact that the words were used in a variety of contexts. By examining the different uses of
jabr, muqa¯bala, ikma¯l (completion), and radd (returning) in the worked-out problems of several medieval mathematics texts, we
show that they are really nontechnical words used to name the immediate goals of particular steps. We also find that the phrase al-
jabr wa’l-muqa¯bala was first used within the solutions of problems to mean al-jabr and/or al-muqa¯bala, and from there it became
the name of the art of algebra.
© 2006 Elsevier Inc. All rights reserved.
Résumé
Les historiens ont toujours interprété jabr (restauration) et muqa¯bala (confrontation) comme des termes techniques indiquant
des opérations spécifiques en algèbre arabe. Cette interprétation est contredite par le fait que ces mots étaient utilisés dans divers
contextes. En examinant les différents usages de jabr, muqa¯bala, ikma¯l (achèvement), et radd (restitution) dans les exercices
résolus de plusieurs livres de mathématiques médiévales, nous montrons que ces mots sont en fait des termes non-techniques
introduits dans le but de citer les objectifs immédiats des différentes étapes dans la résolution d’un exercice. Nous remarquons
également que l’expression al-jabr wa’l-muqa¯bala fût initialement utilsée dans les solutions d’exercices pour signifier al-jabr ou
bien al-muqa¯bala, et, à partir de là, devint l’art de l’algèbre.
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It is well known that our word “algebra” derives ultimately from the Arabic al-jabr, which is part of the name
al-jabr wa’l-muqa¯bala given to the art of algebra in medieval times. Further, the individual words al-jabr and al-
muqa¯bala are associated with two steps in the simplification of equations. Al-jabr is the word used in conjunction
with moving subtracted quantities to the other side of the equation, and al-muqa¯bala is used to combine like terms on
opposite sides of the equation.
But why these particular words were used, and what their precise role was, has long been a subject of debate. In
1797 Cossali was able to recount numerous theories that had been proposed since the later Middle Ages, and since then
many others have appeared.2 In the most recent of these, George Saliba investigated the uses of the four words ikma¯l
(completion), radd (returning), jabr (restoration), and muqa¯bala (confrontation) in Arabic algebra. He wrote “. . . we
will find that Arab algebraists used the word jabr to mean more than one operation, which resulted in terminological
confusion. The word muqa¯balah was used in an equally inconsistent manner. And to add to the confusion these two
words, jabr and muqa¯balah, were also used to denote operations that were commonly denoted by the terms radd and
ikma¯l.” 3 He named al-Khwa¯rizmı¯ in particular as being “inconsistent in his terminology.” 4
What led Saliba and others before him to see the uses of the four terms as confusing and inconsistent was a
misunderstanding of their role in algebra problems. They saw ikma¯l, radd, jabr, and muqa¯bala as technical terms for
specific operations. By a close reading of the worked-out problems in the algebra texts of al-Khwa¯rizmı¯, Abu¯ Ka¯mil,
and Ibn Badr, as well as other books, we show instead that they are nontechnical words used to name or describe a step
in algebraic simplification. We accomplish this by explaining precisely how the words functioned in their “proper”
roles, as well as in various other contexts in arithmetic and algebra.
In addition, we find that within the solutions to problems the phrase al-jabr wa’l-muqa¯bala means “al-jabr and/or
al-muqa¯bala.” This use of the phrase is the link between the two techniques of algebraic simplification and the name
Arabic practitioners gave to the art of algebra.
Although we find some variation in the ways different algebraists worded the steps of the solutions, our goal here
is not to trace the development of the terminology in the books written after al-Khwa¯rizmı¯. Rather, we wish to find
what is common among the books we consider. This is a necessary first step that can serve as a foundation for future
studies of the development of the language.
2. Sources
Just as in [Oaks and Alkhateeb, 2005], we focus primarily on the worked-out problems in three Arabic algebra
books5:
• Al-Khwa¯rizmı¯’s Kita¯b al-mukhtas
.
ar fı¯ h
.
isa¯b al-jabr wa’l-muqa¯bala (Brief Book on Calculation by Algebra),
written sometime 813–833 C.E. Published Arabic editions: [al-Khwa¯rizmı¯, 1831, 1939]. There are also three
medieval Latin translations, by Robert of Chester (ca. 1145) [Hughes, 1989], Gerard of Cremona (ca. 1170)
1 General notes: Notation for references to al-Khwa¯rizmı¯: R 3/2;10, M&A 16;1 means Rosen’s edition [al-Khwa¯rizmı¯, 1831], English translation
p. 3, Arabic text p. 2, line 10, and Musharrafa’s and Ah
.
mad’s Arabic edition [al-Khwa¯rizmı¯, 1939], p. 16, line 1. References to Abu¯ Ka¯mil: A 93;7,
L 2576, H 158;13 means Arabic text [Abu¯ Ka¯mil, 1986], p. 93, line 7, Latin text [Sesiano, 1993], line 2576, and Hebrew edition [Levey, 1966],
p. 158, line 13 of the English translation. References to Ibn Badr: IB 52/36;19 refers to [Sánchez Pérez, 1916], Spanish translation p. 52, Arabic text
p. 36, line 19. A semicolon separates the page number from the line number in other references as well. The line number indicates the beginning of
the referred passage, which may run on to several lines. In texts in which the lines are already numbered, we defer to them.
Translations: Because Rosen and Levey misinterpreted the meanings of many words, we felt it necessary to produce new translations of
al-Khwa¯rizmı¯ and Abu¯ Ka¯mil directly from the Arabic. For al-Khwa¯rizmı¯ we use mainly Musharrafa’s and Ah
.
mad’s edition, but with an eye
also on Rosen’s edition and the Latin translations. We also translate Ibn Badr from the Arabic.
2 These include [Cossali, 1797–1799, I, 25–36; al-Khwa¯rizmı¯, 1831, 177–186; Chasles, 1841, 605ff; Carra de Vaux, 1897; Ruska, 1917, Section 1;
Gandz, 1926; Saliba, 1972]. Some more recent, partial investigations include [Sesiano, 1977, Section 5; Anbouba, 1978, 75, n. 46; Høyrup, 1986,
Appendix I]. See Section 5 below for some of these theories.
3 [Saliba, 1972, 190].
4 [Saliba, 1972, 202].
5 More details on manuscripts and translations of the first three works listed here, as well as al-H
.
as
.
s
.
ar’s book and the Liber Augmenti et Diminu-
tionis, can be found in [Oaks and Alkhateeb, 2005, Section 3].
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“books”: (1) the algebra proper, which covers the rules of algebra with 40 worked-out problems, (2) a section on
the rule of three and mensuration problems, and (3) a long section comprising worked-out inheritance problems.
• Abu¯ Ka¯mil’s Kita¯b fı¯’l-jabr wa’l-muqa¯bala (Book of Algebra), ca. 900 C.E. A facsimile of the only known Ara-
bic manuscript, copied in 1253, was published as [Abu¯ Ka¯mil, 1986]. Jacques Sesiano published the medieval
Latin translation in [1993], and Martin Levey edited and translated Mordecai Finzi’s fifteenth century Hebrew
translation in [1966].
• Ibn Badr’s Kita¯b fı¯hi ikhtis
.
a¯r al-jabr wa’l-muqa¯bala (Brief Book on Algebra), written in the western part of the
Islamic world sometime after Abu¯ Ka¯mil, but before 1311 C.E. [Saidan, 1986, 427–488; Sánchez Pérez, 1916].6
The books of al-Khwa¯rizmı¯ and Abu¯ Ka¯mil are the oldest surviving algebra texts with solved problems.7 Refer-
ences to our numbering of the problems in all three books are in Appendix A of [Oaks and Alkhateeb, 2005]. For the
numbering of al-Khwa¯rizmı¯’s inheritance problems we defer to [Gandz, 1938].
We also draw examples from seven other texts. The first is al-Karajı¯’s al-Fakhrı¯, the next four are from the Maghreb,
and the last two are Latin translations8:
• Al-Karajı¯’s Al-Fakhrı¯ fı¯ s
.
ina¯at al-jabr wa’l-muqa¯bala ([Book of ] al-Fakhrı¯ on the Art of Algebra) [Saidan, 1986,
95–308; Woepcke, 1853]. Abu¯ Bakr Muh
.
ammad ibn al-H
.
usayn al-Karajı¯ (or al-Karkhı¯) wrote this treatise ca.
1011/12 C.E.9
• Al-H
.
as
.
s
.
a¯r’s Kita¯b al-baya¯n wa’l-tadhka¯r fı¯ s
.
anat amal al-ghuba¯r (Book of Demonstration and Recollection
in the Art of Dust-Board Reckoning), from the manuscript copied in Baghdad in 1194, after the author’s death
[al-H
.
as
.
s
.
ar, 1194]. This 12th-century arithmetic text contains some problems solved by al-jabr.
• Ibn al-Banna¯’s Talkhı¯s
.
ama¯l al-h
.
isa¯b (Condensed [Book] on the Operations of Arithmetic) [Ibn al-Banna¯, 1969].
The author, whose full name is Abu¯’l-Abba¯s Ah.mad ibn Muh. ammad ibn Uthma¯n al-Azdı¯, lived 1256–1321.
• Ibn al-Ha¯im’s Sharh al-urju¯za al-Ya¯samı¯nı¯yya (Commentary on the Poem of al-Ya¯samı¯n) [Ibn al-Ha¯im, 2003].
This 1387 treatise takes the form of a commentary on al-Ya¯samı¯n’s famous algebraic poem. The author’s full
name is Abu¯’l-Abba¯s Shiha¯b al-Dı¯n Ah.mad ibn Muh. ammad ibn Ima¯d al-Dı¯n ibn Alı¯.10
• Ibn al-Ha¯im’s al-Mau¯nah fı¯ ilm al-h
.
isa¯b al-hawa¯ı¯ (Guidebook for the Science of Mental Reckoning) [Ibn al-
Ha¯im, 1988]. This arithmetic book was written in 1389.
• Liber Augmenti et Diminutionis (Book of Increase and Decrease) [Libri, 1838]. In this Latin translation (ca. 12th
century) of a lost Arabic original, problems are solved by a variety of methods, including algebra. We take the
numbering of problems from [Hughes, 2001].
• Liber Mensurationum (Book of Mensuration), by one Abu¯ Bakr. Translated by Gerard of Cremona in the 12th
century [Busard, 1968]. This Latin translation of a lost Arabic book on practical geometry consists of problems
solved by naïve geometry (i.e., without the aid of Euclid’s theorems), and many times also by aliabra (al-jabr, or
algebra). Busard numbers the problems from 1 to 155.
3. The vocabulary of algebraic simplification
3.1. The method al-jabr wa’l-muqa¯bala
Al-Khwa¯rizmı¯, Abu¯ Ka¯mil, and Ibn Badr all commence with a first “book” that is divided into two parts: the
first covering the definitions and rules of algebra, and the second consisting of many worked-out problems. We will
concentrate on the solutions to these problems. An algebraic solution consists of three main stages:
6 [Saidan, 1986, 409].
7 A fragment of the Algebra of al-Khwa¯rizmı¯’s contemporary Ibn Turk survives. It covers only proofs of the procedures for solving simplified
equations, so it has no worked-out problems [Sayili, 1962].
8 We also gave a cursory look into several other algebra texts: [al-Karajı¯, 1964, 1986; al-Ka¯shı¯, 1969; Saidan, 1986 (containing Ibn al-Banna¯’s
Kita¯b al-jabr wa’l-muqa¯bala); al-Samawal, 1972].
9 [al-Karajı¯, 1964, 13].
10 [Ibn al-Ha¯im, 2003, 8]. A variation is given in [Rosenfeld and Ihsanogˇlu, 2003, no. 783, 263].
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(2) Simplify the equation to one of the six standard types;
(3) Apply the proper procedure to arrive at the answer.
Equations are stated using the verb adala (“to be equal” or “to balance” 11). The three kinds of algebraic number
are defined in the beginning of all three books:
Kind Literal translation Our symbolic transcription
ma¯l sum of money, property. . . X (= x2)
jidhr root x (= √X)
adad mufrad simple number 1,2,3, . . . (units)
In solving problems, the word shay (“thing”) is usually used in place of jidhr, and simple numbers are counted in
dirhams, a unit of currency. A sample equation involving the three kinds of number is “eight things and a third thing
less five sixths ma¯l equals a hundred dirhams less twenty roots,” 12 which we write as 8 13x − 56X = 100 − 20x.
In stage 2 the equation is simplified. Because the concept of “number” had not yet been extended to include zero
or negative numbers, there were six different simplified equations of degree 2 or less: aX = bx, aX = c, bx = c,
aX + bx = c, aX + c = bx, and bx + c = aX.13 Solutions to each of the six types are worked out by a numerical
procedure based on the coefficients.14 Stage 3 is the application of the proper procedure.
3.2. Four types of algebraic simplification
In this article we are concerned with the steps performed in stage 2. Four different techniques are used to simplify
equations. These are, with examples from al-Khwa¯rizmı¯:
• Increase the coefficient of the highest power term to 1. Commonly indicated by the term ikma¯l. Example: trans-
forming the equation 12X + 5x = 28 to X + 10x = 56. (R 10/6;10, M&A 19;13.)• Reduce the coefficient of the highest power term to 1. Commonly indicated by radd. Example: transforming
2X + 10x = 48 to X + 5x = 24. (R 9/5;18, M&A 19;5.15)
• Move a subtracted quantity to the other side of the equation. Commonly indicated by jabr. Example: transforming
100 + 2X − 20x = 58 to 100 + 2X = 58 + 20x. (R 40/28;12, M&A 37;12.)
• Combine like terms on opposite sides of the equation. Commonly indicated by muqa¯bala. Example: transforming
3 13 + 13x = x to 3 13 = 23x. (R 86/65;9, M&A 67;7.)
To understand just how the terms were used, we distinguish between three aspects of a step in algebraic simplifi-
cation: the goal of the step, the operation that accomplishes the goal, and the name given to describe the fulfillment
of the goal. An example will make this clear. At one point in problem (21), al-Khwa¯rizmı¯ performs the step that takes
him from 5x = 49X + 9 to X + 20 14 = 11 14x:
. . . 5x = 49X + 9. So complete (akmil) your X, which is that you multiply the 49 by 2 14 , so it yields X. And multiply 9
by 2 14 , which yields 20
1
4 . Then multiply the 5x by 2
1
4 , so it yields 11
1
4x. So it becomes for you X + 20 14 = 11 14x.16
The three aspects of this step are as follows:
11 See [Oaks and Alkhateeb, 2005, Section 5.2]. All Arabic definitions are from Wehr’s dictionary [Wehr, 1979].
12 From Abu¯ Ka¯mil’s problem (3) A 56;8, L 1452, H 104;7.
13 a, b, and c can be any (positive) number. In al-Khwa¯rizmı¯ they are always rational, but in Abu¯ Ka¯mil they are often irrational roots.
14 Medieval algebraists had no word for “coefficient.” In the expression “three things” (3x), as in “three apples,” the “three” was thought of not as
a scalar multiplied by x, but merely as the number of x’s. We use the word “coefficient” for convenience.
15 According to the instructions in the beginnings of our three Arabic algebra books, ikma¯l/radd is the first step in applying the procedure (stage 3).
In practice this step is treated as part of stage 2. We will discuss this in a future article.
16 R 57/41;2, M&A 47;15.
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• Operation: Multiply the 49X by the reciprocal of 49 . One must also multiply the other terms by the reciprocal of 49
to balance the equation.
• Name: akmil (infinitive ikma¯l), which is the imperative “complete.”
Previously historians have not distinguished between the goal and the operation, and they saw the name as unam-
biguously referring to both. Any deviation from this was seen as confusing and inconsistent. We show instead that
the names were understood according to their ordinary Arabic meanings, and were not tied to particular goals or
operations.
In the following analysis we first consider the four goals commonly associated with ikma¯l, radd, jabr, and
muqa¯bala. For each goal we review the operations and names associated with it in al-Khwa¯rizmı¯, Abu¯ Ka¯mil, and Ibn
Badr, as well as other texts.
3.3. Goal: increase the X’s to one X (usually named al-ikma¯l)
The Arabic kamala (the verb for ikma¯l) is used in algebra texts to mean “to become complete.” Wehr’s dictionary
gives the definition as “to be or become whole, entire, integral, perfect, complete.” In the texts we have consulted it is
nearly always used in conjunction with an operation that raises the coefficient of the highest power term to one. An
example from al-Khwa¯rizmı¯’s problem (21) was quoted above. 49X is an incomplete X, and it needs to be completed.
This is accomplished by multiplying it by 2 14 . It is then necessary to multiply the other terms of the equation by 2
1
4 as
well. Kamala is used by al-Khwa¯rizmı¯ in association with this goal in seven problems.17 In all of these but problem
(26) the completion takes place by multiplying by the inverse of the coefficient of X, as shown above. In (26) the goal
is accomplished by a method called regula infusa:18
. . .
2
3X = 5. So complete (akmil) it [the 23X] by the equivalent of its half, and add to the 5 the equivalent of its half. So it
becomes for you X = 7 12 .19
Al-Khwa¯rizmı¯ notes that if we add half of 23X to itself, we get
2
3X + 13X = X, and the X is completed. One must also
do this to the other side of the equation: adding to 5 its half yields 7 12 , so X = 7 12 .
Abu¯ Ka¯mil uses ikma¯l in conjunction with multiplicative inverse seven times,20 and with regula infusa three
times.21 In two other problems he does not specify the operation.22 Here is an example from his problem (2) us-
ing regula infusa: “. . . 6 14x = 10 + 58X. So complete (akmil) the 58X so that it yields a full X, which is that you add
to it its 35 . So you add to each thing you have its
3
5 , so it yields X + 16 = 10x.” 23
So neither ikma¯l nor the goal associated with it can be identified with a specific operation, because both multi-
plication by the inverse and regula infusa are used. The word ikma¯l merely indicates that X is being completed, by
whatever means is convenient. Just as one can cross town by bus or by bicycle, one can complete by multiplying or
by regula infusa.
Ibn Badr always multiplies by the inverse. He uses the word ikma¯l to describe this goal in three different problems:
(7), (13), and (20). But in seven other problems he uses the word jabr (restoration) instead: (14) through (19), and
(27). For example, in (27), after stating the equation 13X + 6 23x = 100, he writes “So restore (ajbir) your X so that it
yields for you a full X, which is by multiplying it by 3. . . .” 24 This use of jabr makes sense. 13X can be “restored” to
17 Problems (T4) R 27;17, M&A 37;2, (T6) R 29;10, M&A 38;7, (21) R 41;3, M&A 47;16, (23) R 42;4, M&A 48;12, (25) R 43;16, M&A 50;1,
(26) R 45;2, M&A 51;2, (28) R 46;1, M&A 51;15.
18 For more on regula infusa, see [Hughes, 2001]. Al-Khwa¯rizmı¯’s problem (12) is also solved with regula infusa, but the step is not named.
19 R 62/45;1, M&A 51;2.
20 Problems (12) 69;5, (41) 91;5, (53) 100;8, (54) 103;9, (55) 104;17; 105;15; 106;8.
21 Problems (2) 55;6, (3) 56;14, (13) 69;21.
22 Problems (25) 77;1, (26) 78;20.
23 A 55;5, L 1414, H 102. Akmil is mistranslated in Latin as Reduc, and Levey’s translation obscures the operation.
24 IB 66/45;3.
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different ways to name it as well.
This particular use of jabr is also found in arithmetic books. Ibn al-Banna¯ describes restoration (al-jabr) as finding
the number which, when multiplied by a given number, yields a desired number. For example, to restore 4 (the given
number) to 12 (the desired number), one multiplies by 3.25 Similarly, al-H
.
as
.
s
.
ar devotes a chapter to the restoration of
fractions. He refers to this chapter while simplifying an equation: “( 36 + 12 16 )x = 21. So we say to you: restore (ajbir)
the three sixths and a half so that it yields a x. What determines that is 1 57 ,
26 and we will clarify it, God willing,
using the [upcoming] chapter on the restoration of fractions. So you multiply 1 57 by 21. Your result is 36, which is the
quantity.” 27
We find still another variation if we look into al-Khwa¯rizmı¯’s inheritance problems. There ikma¯l is used for this
goal several times, most often with regula infusa. But in nine problems28 the word tama¯m is used instead. As a verb,
tamma means “to be or become complete, completed, finished, done; to be performed. . . .”
In the Liber Mensurationum Gerard uses the word restaurare (“to restore (an object) to its former condition” 29)
in problems (55) and (113) to name this goal, where he multiplies by the inverse. But in (145) he uses reintegrare
(integrare: “to make whole, complete”) with regula infusa.
3.4. Goal: reduce the X’s to one X (usually named al-radd)
The dictionary offers these meanings of the verb radda: “to send back; to bring back, take back; to return. . . .”
In the context of medieval algebra a good translation is “to return,” understanding that the X’s are being sent back or
returned to one X. In the worked-out problems of al-Khwa¯rizmı¯, Abu¯ Ka¯mil, and Ibn Badr, radda is the only word
used in association with the reduction of the number of X’s to one. And among these problems the only operation that
accomplishes this is multiplicative inverse.
Al-Khwa¯rizmı¯’s problem (4) illustrates the standard use of radda, here conjugated as the imperative urdud:
. . . 100+4 16X = 41 23x. So return (urdud) that to a X. And you knew that the one X of 4 16X is its fifth and a fifth of its fifth
[i.e. the reciprocal of 4 16 is 625 ]. So take from all that you have a fifth and a fifth of a fifth, so you get 24 + X = 10x. . . .30
Radda is used in conjunction with this goal in six of al-Khwa¯rizmı¯’s problems.31 The operation is performed but not
named in problems (17) and (18). In Ibn Badr radda is used in three problems,32 and the operation is not named in
problems (3) and (28). The word appears 20 times in this context in Abu¯ Ka¯mil—too many to list.
There is some variation looking outside our collection of problems in al-Khwa¯rizmı¯, Abu¯ Ka¯mil, and Ibn Badr.
In his inheritance problems (I14), (I17), (I20), (I21), and (I23) al-Khwa¯rizmı¯ uses regula infusa in conjunction with
radda. Also, he uses the verb h
.
at
.
t
.
a (“to decrease, diminish, reduce”) to name the goal in problem (I49). Regula infusa
is used there, too. Over 500 years later Ibn al-Ha¯im makes use of h
.
at
.
t
.
a to name this step. In one instance he simplifies
320X = 25XX to XX = 12 45X by taking a fifth of a fifth of each term.33
In his Talkhı¯s
.
, Ibn al-Banna¯ explains reduction in the context of arithmetic by the word al-h
.
at
.
t
.
. Given a number,
what number do you divide it by to get a desired number? For example, to reduce 12 (the given number) to 4 (the de-
25 [Ibn al-Banna¯, 1969, French 68, 74, Arabic 56, 60]. On p. 74, n. 2, Souissi reports that Ibn al-Banna¯’s Maqa¯la¯t details the calculation of
different kinds of restorations in arithmetic: from a fraction to a whole number, from a fraction to a composite number (whole number + fraction),
and from a fraction to a larger fraction. This kind of arithmetical restoration is also described in [Carra de Vaux, 1897].
26 1 57 is the reciprocal of
3
6 + 12 16 .
27 [al-H
.
as
.
s
.
ar, 1194, 72r;12]. The Baghdad MS unfortunately is cut off before the chapter on restoring fractions. Other instances of jabr are at
folios 73r;11 and 84v;2. See also [Ibn al-Ha¯im, 1988, 165] for another chapter on this kind of “restoration.”
28 Problems (I4), (I5), (I11), (I19), (I22), (I30), (I31), (I33), and (I34).
29 All Latin definitions are from Oxford Latin Dictionary [Glare, 1982].
30 R 45/33;1, M&A 41;6.
31 Problems (T2) R 26;12, M&A 35;15, (T5) R 28;15, M&A 37;14, (3) R 31;16, M&A 40;5, (4) R 33;2, M& A 41;6, (5) R 34;10, M&A 42;9,
and (24) R 42;13, M&A 49;3.
32 Problems (1) 24;9, (6) 29;7, (9) 32;2.
33 [Ibn al-Ha¯im, 2003, Arabic 254;6]. See also p. 262.
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above in Section 3.3. Al-H
.
as
.
s
.
ar and Ibn al-Ha¯im are among the many other authors who also include a chapter on
al-jabr wa’l-h
.
at
.
t
.
(“restoration and reduction”).35
3.5. Goal: remove a subtracted quantity (usually named al-jabr)
To understand this goal we need to see subtraction the way medieval mathematicians did. In his al-Fakhrı¯, al-Karajı¯
notes that while “ten and a thing” (10+x) is a composite expression (it entails two types of number: “simple numbers”
and “roots”), “ten less a thing” (10 − x) is not composite: it is a single quantity, of the order of “simple numbers.” 36
One can think of 10 − x as a “diminished” 10, or a 10 with a “defect” of x. The 10 retains its identity, even though x
has been taken away from it.37
Keep in mind that for an expression like 10 − x, the x is a positive number subtracted from 10. Negative numbers
were not acknowledged by medieval mathematicians. This is why we call the x a “subtracted quantity” and not a
“negative quantity.”
Simplified equations have no diminished terms. If an equation does involve such a deficiency, the diminished
quantities must be restored. This is done, for instance, in Abu¯ Ka¯mil’s problem (T1):
15x − 1 12X = X. So restore (ajbir) the 15[x] by the 1 12X so that it is equivalent to 15x. Then add the 1 12X to the X, so it
yields 2 12X = 15x.38
Just as with ikma¯l and radd, two steps are involved. First the 15x is restored, then 1 12X is added to the other side
to balance the equation. The restoration itself affects only the diminished 15x, and does not involve the equation as
a whole. This transforms 15x − 1 12X into its old self 15x. It is the second step, the adding of 1 12X to the X, which
complements the restoration, resulting in a new equation with the same solution(s) as the old.
Typically algebraists are more succinct in their wording of the step, as in this example from al-Khwa¯rizmı¯’s problem
(2): “100 − 20x = 40. So restore (ajbir) the 100 by the 20x, and add it to the 40. So it yields 100 = 20x + 40.” 39 Al-
Khwa¯rizmı¯ uses the word jabr in this way 11 times.40 Ibn Badr uses jabr for the elimination of subtracted quantities
10 times.41 In the Liber Mensurationum the word restaurare is used for this goal in problems (5), (6), (25), and (30).
The Liber Augmenti et Diminutionis also uses restaurare this way, in four problems.42
In all but one of the 51 times Abu¯ Ka¯mil performs this goal, jabr is used. In problem (6) he has ikma¯l instead.43
This still makes sense: in the equation 6x −X = 8, the 6x −X can be thought of as a 6x in need of completion. Also,
al-Khwa¯rizmı¯ uses the verb tamma (“to complete”) for this goal in problem (I12). In the other 36 instances of this
goal in inheritance problems, jabr is used.
Restoration was not restricted to equations. In Ibn Badr’s problem (3) jabr is used wholely within an expression. To
subtract 10−x from x, he writes “and that is you restore (tajbir) the 10 by the subtracted x, and you restore by the same
amount the second thing: that which you are subtracting from. Then you subtract the 10 from the 2x. There remains
34 [Ibn al-Banna¯, 1969, French 68, 74, Arabic 56, 60].
35 [Aballagh and Djebbar, 1987, 155; Ibn al-Ha¯im, 1988, 165; Carra de Vaux, 1897].
36 After multiplying 10 − x by 10 to get 100 − 10x, al-Karajı¯ writes “And some people believe that this number is composite, because it is of
two types. But this is not so, because in saying ‘ten less thing’ you denote one number, of the rank of units. But if there were in its place ‘ten and
a thing,’ that would be composite” [Saidan, 1986, 105;24]. A French translation of this passage appears in [Woepcke, 1853, 50, n. **]. We thank
Luis Puig for pointing out this reference.
37 This interpretation persisted in Latin and Italian algebra. See [Radford, 1995, 31–32] and the wording of problem [1] in [Van Egmond, 1978,
166, 175].
38 A 43;2, L 1072, H 82.
39 R 43/31;1, M&A 39;11.
40 Problems (T1) R 25;17, M&A 35;5, (T3) R 27;6, M&A 36;10, (T5) R 28;13, M&A 37;12, (1) R 30;6, M&A 39;2, (2) R 31;2, M&A 39;12, (4)
R 32;17, M&A 41;4, (5) R 34;12, M&A 42;10, (6) R 35;1, M&A 42;16, (10) R 37;14, M&A 45;7, R 37;15, M&A 45;8, (25) R 43;12, M&A 49;16.
41 Problems (5) 28;2, (6) 29;5, (7) 30;3, 30;5, (8) 31;7, (9) 32;1, (12) 34;15, (24) 43;3, 43;12, (34) 51;1.
42 5/1: 348;7, 5/2: 351;17, 5/3: 354;15, 7/2: 363;13.
43 A 62;5, L 1622, H 112;13.
52 J.A. Oaks, H.M. Alkhateeb / Historia Mathematica 34 (2007) 45–612x − 10.” 44 In the subtrahend 10 − x, the 10 has been diminished by x. To restore it, x is added. To compensate, the
minuend x needs to be (partially) restored by adding an x. So the original subtraction is equivalent to taking 10 away
from 2x. We simplify x − (10 − x) by distributing the minus sign, to get x − 10 − (−x) = x − 10 + x = 2x − 10.
But for medieval mathematicians all numbers were positive, so they would have had to express x − 10 − (−x) as
something like “a thing less ten, and less a subtracted thing.” Even if they were able to make sense of this, restoring
the 10 and x is clearer.45
This kind of restoration with al-jabr was not even restricted to algebra. In his 1389 arithmetic text Al-mau¯nah fı¯
ilm al-h
.
isa¯b al-hawa¯ı¯, Ibn al-Ha¯im covers the addition of roots. One problem is to “add root of twelve less root of
two [
√
12 − √2] to root of eight less root of three [√8 − √3].” He does this by restoring (with the imperative ajbir)
the
√
12 by the
√
2, and then subtracting
√
2 from
√
8 to compensate. He then restores the
√
8 by the
√
3 the same
way to get the answer
√
2 + √3.46
Restoration can also be performed in geometry. In problems (67), (100), and (102) of the Liber Mensurationum the
word restaurare is employed to restore a diminished line segment.47
Returning to algebra, there is a close connection between the goals associated with ikma¯l and jabr. Quantities can
be diminished by taking a fraction (like 13X) or by subtraction (like 10 − x). While it may appear that the former
occurs through division, it is often arrived at instead by subtraction. We see this in al-Khwa¯rizmı¯’s problem (21),
where 23x is the result of subtracting from x its third. Inversely, we saw that a fractional part can be completed by
addition using regula infusa. Both X − 20x and 13X are diminished Xs in need of restoration or completion, so it is
no surprise that we find the words jabr and ikma¯l occasionally interchanged, and the word tama¯m used for both.
3.6. Goal: confront (take the difference of) like terms (al-muqa¯bala)
An example of combining like terms on opposite sides of the equation occurs in al-Khwa¯rizmı¯’s problem (T5):
. . . 50+X = 29+10x. So confront (qa¯bil) them, by which you subtract from the 50 29, so there remains 21+X = 10x.48
The meaning of the verb qabila is “to confront,” keeping in mind the notion of bringing two things face to face.
Wehr gives the translations “to be or stand exactly opposite, be face to face; to confront, face, encounter. . . .” 49 The
use of the word in this example suggests that not only are the 50 and 29 brought face to face, but that they also engage
one another, until only their difference is left on one side. This confronting of like terms occurs in al-Khwa¯rizmı¯’s
book 13 times in 12 problems.50 The goal is named, with muqa¯bala, in only (T5), (2),51 (25), and (33). The word is
also used for this goal in the first mensuration problem and in the first inheritance problem.52
Gerard and Robert each translate al-Khwa¯rizmı¯’s muqa¯bala as opponere (“to set in opposition”). Guglielmo, on
the other hand, condenses the step and does not translate muqa¯bala. In (2) he writes “per eiectionem uero dragmarum
habundantium 60 equiualent 20 rebus. . . .” 53 The verb eiectare means “to throw off” (i.e., “to subtract”). It is the
operation, not the name for the goal.
44 IB 34/25;15.
45 Al-jabr is used this way by other algebraists. Saliba quotes the same operation from the work of al-Maarrı¯, who subtracts 10 − 2x from 10
[Saliba, 1972, 196]. Also, in one of two examples, al-Karajı¯ explains how to subtract 10x + 4 − X from 8x + 20 − 2X by first restoring both the
minuend and the subtrahend [Saidan, 1986, 120;13].
46
“Add
√
12 − √2 to √8 − √3. So restore (ajbir) √12 from √8 by the excepted amount, which is √2 [i.e., borrow √2 from √8 to restore the√
12]. So they become
√
12 and [a diminished]
√
8. Then subtract
√
2 from it [the
√
8], which is
√
2. And restore (ajbir) likewise √8 from √12
by
√
3. What comes out of
√
12 is
√
3 [i.e.
√
12 − √3 = √3]. So add the two remainders to get the desired quantity, and that is √2 + √3” [Ibn
al-Ha¯im, 1988, 242;7]. Al-Karajı¯ uses jabr the same way to subtract 20 −
√
200 from
√
200 + 20 [Saidan, 1986, 120;22].
47 [Høyrup, 1996, 51].
48 R 40/28;16, M&A 37;15.
49 [Wehr, 1979, 867]. For other medieval uses of the word, see [EI2, 1954–2003, Muk
.
a¯bala].
50 Problems (T4), (T5), (2), (3), (8), (17), (18), (19), twice in (23), (25), (27), and (33).
51 It is named in the Latin translations, but the phrase is absent from the Oxford Arabic manuscript.
52 R 60;11, M&A 62;18 and R 65;10, M&A 67;7.
53 [Kaunzner, 1986, 78;19].
J.A. Oaks, H.M. Alkhateeb / Historia Mathematica 34 (2007) 45–61 53Like jabr, muqa¯bala can be used within an expression. In simplifying 10x + X − 100 − 10x to X − 100, al-
Khwa¯rizmı¯ explains “So you say X − 100 after you confronted them, by which you subtract 10 things added by 10
things subtracted. So there remains X − 100.” 54
Although like terms are confronted many times in the three books we are considering, only in al-Khwa¯rizmı¯’s is
the word muqa¯bala used to name the step. But many other algebraists do use the word, including Ibn al-Banna¯, Ibn
al-Ha¯im, and al-Ka¯shı¯.55 Brief chapters on algebra in books devoted to larger topics also express the association of
muqa¯bala with the step. To give two examples, both the lexicographer Muh
.
ammad ibn Ah
.
mad al-Khwa¯rizmı¯ (10th
century) and al-Bı¯ru¯nı¯ (11th century) explain al-jabr as the restoration of a diminished term, and al-muqa¯bala as the
confrontation of like terms.56
Muqa¯bala is used with the same meaning in solutions by double false position. In this method one “confronts” the
result of a calculation evaluated by a wrong guess with the value it should be. This is illustrated in several problems
in al-H
.
as
.
s
.
ar’s arithmetic book. One problem asks for an unknown quantity (ma¯l) if its third and its fourth add up
to twenty-one. One guesses that it is 3. But a third of 3 and a fourth of 3 make 1 34 . “So confront (qa¯bil) it with
the 21.” 57 The incorrect 1 34 is confronted with the correct 21, and as in the case of the confrontation of like terms in
algebra, their difference is taken (19 34 in this example). These differences are fundamental to the method of double
false position. Ibn al-Banna¯ gives instructions for solving problems by this method, and he also uses muqa¯bala for
this confrontation.58 Many problems in the Liber Augmenti et Diminutionis are solved by double false position, and
not surprisingly, qabila there is translated as opponere.
4. Other uses of muqa¯bala, and the phrase al-jabr wa’l-muqa¯bala
It is not just the variety of ways the terms were used in simplifying equations that caused Saliba to see “termino-
logical confusion” in Arabic algebra. Both jabr and muqa¯bala are also found outside the context of the specific goals
described in Section 3. As a phrase, al-jabr wa’l-muqa¯bala was used to mean “applying al-jabr and/or al-muqa¯bala
to simplify the equation,” as well as being the name of the art of algebra. When used in the former sense, it was
sometimes shortened to just al-muqa¯bala, and in the latter sense to al-jabr. Furthermore, muqa¯bala was used for
other forms of confrontation. We find algebraists “confronting” two expressions to make and solve an equation, and
“confronting” a problem with one which had been solved earlier. In this section we explain these different uses. We
begin with the phrase al-jabr wa’l-muqa¯bala and work back to the individual terms.
4.1. Restoration and/or confrontation (al-jabr wa’l-muqa¯bala or al-muqa¯bala)
In no less than twelve problems Ibn Badr writes al-jabr wa’l-muqa¯bala in various conjugations to refer to either
al-jabr, al-muqa¯bala, or both. For example, in problem (1): “100 + 2X − 20x = 82. So restore and confront (ajbir
wa-qa¯bil), so you get 2X + 18 = 20x.” 59 Two steps have taken place: the restoration of the 100 + 2X by the 20x,
and the confrontation of the 100 and 82. Both goals are named this way in problem (3), also. Al-jabr wa’l-muqa¯bala
names only the elimination of subtracted quantities (al-jabr) in problems (T1), (T3), (T5), (2), and (11), and it names
confrontation (al-muqa¯bala) only in problems (4), (26), (29), and (31). The coefficient of X is never touched in these
operations, hence it appears that for Ibn Badr the phrase al-jabr wa’l-muqa¯bala should be taken as al-jabr and/or
al-muqa¯bala.
Al-Khwa¯rizmı¯ applies the conjugated phrase just once, in problem (3): “. . . 110 + 2X − 22x = 54. So if you
restored and confronted (jabarat wa-qa¯balat), you said 110 + 2X = 54 + 22x.” 60 In this step the 110 + 2X was
54 R 25/18;5, M&A 29;14; [Saliba, 1972, 197].
55 Ibn al-Banna¯: [Saidan, 1986, 569;7,22, 570;10,14, 571;12,17, 575;24, 578;20]. Ibn al-Ha¯im: [2003, Arabic 225;16, 227;5, 228,7, etc.].
Al-Ka¯shı¯: [1969, 229;9, 232;8, etc.].
56 [al-Khwa¯rizmı¯, 1895, 200–201; al-Bı¯ru¯nı¯, 1934, 37–38].
57 [al-H
.
as
.
s
.
ar, 1194, 72v;3].
58 [Ibn al-Banna¯, 1969, French 88, 89, Arabic 70;5, 71;6].
59 IB 33/24;7.
60 R 44/31;13, M&A 40;3. Gerard translates the phrase as “Cum ergo restaurabis, dices.” Robert writes “Tunc ergo compleas et dic,” and Guglielmo
has “Per restaurationem itaque rerum.” Probably none of them translates the entire phrase because they saw that only a restoration is being per-
54 J.A. Oaks, H.M. Alkhateeb / Historia Mathematica 34 (2007) 45–61restored by 22x. The phrase restaura ergo et oppone or restaura igitur et oppone (“Thus/Then restore and confront”)
is used this way in problems (5), (6), (9), (30), and (55) in the Liber Mensurationum,61 and Saliba mentions that
al-Maarrı¯, al-Karajı¯, and al-Samawal all use the phrase al-jabr wa’l-muqa¯bala in this way.62
In Abu¯ Ka¯mil the phrase occurs only twice.63 Instead of the full phrase, he prefers to shorten it in most cases to just
al-muqa¯bala. Thirteen times he invokes the word to name a step involving the restoration of diminished quantities, the
confrontation of like terms, or both.64 He explains himself most fully in problem (44): “√2XX−X = 100+X−20x.
So confront (qa¯bil) them, which is that you restore (tajbir) the 100 + X by 20x and you add it to √2XX, and you
restore (tajbir) √2XX by the X and you add it to 100 + X. . . .” 65 This kind of “confrontation” can involve one or
more applications of restoration and/or confrontation, but never ikma¯l or radd. In most cases the step is worded more
succinctly, as in problem (31): “100+4X−40x = 3X. So you confront (tuqa¯bil) them, so it yields X+100 = 40x.” 66
We have found two occurrences of this shortened phrase in Latin. In problem 5/3 of the Liber Augmenti et Diminu-
tionis the equation has reached the point 3x − 18 = x + 6 when we find “Then confront (oppone) them, by which
you restore 3x by 18 and add it to x + 6, and you will have 3x = x + 24. Then subtract x from 3x and there remains
2x = 24.” 67 In problem (9) of the Liber Mensurationum both the full and truncated versions of the phrase appear in
the same sentence: “Restore and confront, and you will have after confronting 103 = 4x. . . .” 68
We have discovered two uncharacteristic uses of the phrase. In problem (14) Ibn Badr uses it to refer to the rules
of algebra, in particular to the rule for multiplying binomials. To compute the product of 13x + 1 by 14x + 1 he writes
“Using al-jabr wa’l-muqa¯bala leads to 12 16X + ( 36 + 12 16 )x + 1 = 20.” 69 In al-H. as.s.ar the phrase serves the same
purpose as Abu¯ Ka¯mil’s and Ibn Badr’s amala (“work it out”).70 He writes in one problem “[ 14 ]X + 12x = 30. So you
restore and you confront. The result is that the x is 10. . . .” 71 In both cases al-H
.
as
.
s
.
ar evokes the phrase as soon as the
equation is set up.
4.2. The art of algebra (al-jabr wa’l-muqa¯bala or al-jabr)
The use of the phrase al-jabr wa’l-muqa¯bala described in the last section is important for our understanding of the
origin of the name of the art of algebra. It is the bridge between the name of the two goals of algebraic simplification
and the name given to this branch of arithmetic. Medieval algebraists probably first used the phrase to describe the
process of simplifying an equation, perhaps as a way to shorten some solutions. Rather than say “10x − X = 21. So
restore the 10x by the X and add it to the 21, so it yields 10x = 21 + X” 72 (al-Khwa¯rizmı¯’s problem (1)), one could
say merely “10x − X = 21 according to the condition. So you restore and confront, so you get X + 21 = 10x” 73
(Ibn Badr’s problem (T5)). Then, when early practitioners were pressed to name the new method of algebra, they
formed. Based on the Latin translations, one might suspect that in al-Khwa¯rizmı¯’s original only al-jabr was used, and not the whole phrase. But the
wording in the Arabic and the Latin is uncharacteristic of a restoration. Instead of “Restaura ergo illud, et adde viginti duabus rebus quinquaginta
quinque, et habebis. . . ” (So restore it, and add 22x to 55, and you will have. . . ), Gerard just writes “Cum ergo restaurabis, dices. . . ” (Then when
you restore, you will say. . . ). This is more characteristic of the use of the full phrase al-jabr wa’l-muqa¯bala, as we saw above in Ibn Badr. Still, we
do not know why al-Khwa¯rizmı¯ does not also subtract the 54 from the 110 at this step. Other Arabic manuscripts should be consulted.
61 Høyrup read the phrase restaura ergo et oppone as being an archaic use of the terms, predating al-Khwa¯rizmı¯. This is the chief piece of evidence
which led him to propose that the Arabic original of the Liber Mensurationum was composed before al-Khwa¯rizmı¯. In fact the Latin phrase matches
Ibn Badr’s Arabic perfectly, so the evidence does not work [Høyrup, 1986, 471, 476-7; Høyrup, 2002, 369, n. 445].
62 [Saliba, 1972, 197, 199, 200].
63 Problems (11) 68;gloss, (67) 133;4. The occurrence in (11) may have been added to the MS after it was copied, but in problem (67) it is original.
This second occurrence was literally translated into Latin (line 3542).
64 The word accomplishes one restoration at: (25) 76;21, (26) 78;19, (65) 132;10. Two restorations: (2) 54;13; 55;5, (44) 93;8, (45) 94;18, (58)
112;14. One confrontation: (30) 82;14. Two confrontations: (61) 120;9. A restoration and a confrontation: (31) 83;4, (47) 95;13, (67) 133;4.
65 A 93;7, L 2576, H 158;12.
66 A 83;3, L 2253.
67 [Libri, 1838, 354;14].
68
“Restaura et oppone et habebis post opposicionem censum et tres dragmas, que equantur 4 rebus. . . ” [Busard, 1968, 88].
69 IB 51/35;20. A full translation of this problem appears in the Appendix.
70 See Section 4.4 below.
71 [al-H
.
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.
s
.
ar, 1194, 77v;13]. The equation in the other problem is ( 39 + 12 18 19 )X = x [al-H. as.s.ar, 1194, 74v;10].
72 R 42/30;5, M&A 39;2.
73 IB 30/22;15.
J.A. Oaks, H.M. Alkhateeb / Historia Mathematica 34 (2007) 45–61 55chose the phrase that describes its principal steps: al-jabr wa’l-muqabala. This naming occurred before the time of
al-Khwa¯rizmı¯.74
Al-jabr wa’l-muqa¯bala is a long name for a discipline. Compare it with al-handasa (geometry) or al-tanjı¯m (astron-
omy/astrology). It should be no surprise, then, that the name was sometimes truncated to just al-jabr. Al-Khayya¯mı¯,
for example, uses both the full al-jabr wa’l-muqa¯bala and the contraction al-jabr in his Algebra. The full phrase ap-
pears in the book’s title: Risa¯la fı¯’l-bara¯hı¯n ala¯ masa¯il al-jabr wa’l-muqa¯bala75 (Treatise on the Proofs of Algebra
Problems). He refers to algebra by its full name al-jabr wa’l-muqa¯bala in the beginning of Chapter 1.76 In the eight
occurrences which follow in Chapters 1 and 2, it is written in the short form al-jabr.77 This is just what we might
expect to see with a long name: its full version is used at first to make the meaning clear, after which the shortened
phrase can be employed.
The drawback of the short version is that it is ambiguous. Al-jabr could refer to bone-setting, for example. For this
reason both names persisted, with the short version being reserved when there was no possibility of confusion.78
4.3. Confront two expressions (al-muqa¯bala)
Algebraists would sometimes confront two expressions, entailing not only setting them face-to-face to make an
equation, but also finding the solution. Ibn Badr offers an example in problem (14). He begins with an explanation of
the broad plan for the solution to the problem:
Its rule is that you multiply 13x + 1 by 14x + 1 and you confront (tuqa¯bil) this with the 20. Your result is that the quantity
is 12. It is the value of x, which is the quantity.79
After this the solution truly begins. The product of 13x + 1 by 14x + 1 is found, and the equation is worked out. Ibn
Badr uses muqa¯bala this way also in problem (28) and in the indeterminate problems (29) to (32).80 In five problems
Abu¯ Ka¯mil uses muqa¯bala to confront two expressions.81 In problem (18): “So you multiply 5 12 − x by x, and you
confront (tuqa¯bil) what you get from the multiplication with 10 − x. So the result is x = 4.” 82 Also, al-H
.
as
.
s
.
ar uses
al-muqa¯bala twice for the same purpose in a problem on summing cubes.83
Al-Khwa¯rizmı¯ uses muqa¯bala this way, but in a more limited sense. In inheritance problems (I43), (I44), (I46),
(I48)–(I52), and (I57) the equation is simplified to the form ax = b (where x is shay). He then confronts them
(presumably the ax with the b) to find the solution. Only in (I49) does he name the goal (al-h
.
at
.
t
.
) which will give
the solution. Lastly, we find that in his Kita¯b al-jabr wa’l-muqa¯bala, Ibn al-Banna¯ differs from the others by using
muqa¯bala to set up the equation only. The solution takes place after the confrontation.84
4.4. Confront with a previously explained solution (al-muqa¯bala)
Adel Anbouba noted that al-Khwa¯rizmı¯ uses muqa¯bala to mean “the solution of the equation by a collection of
operations, where the first is the suppression of similar terms.” 85 This is not quite correct. In all but one of the problems
74 While it is likely that al-Khwa¯rizmı¯ and Ibn Turk were the first to write books on algebra, they did not invent the method, which was most likely
transmitted orally before being recorded in writing. The fact that the caliph requested al-Khwa¯rizmı¯ to compose a book on the subject speaks for
its existence beforehand. See [Oaks and Alkhateeb, 2005, Section 5.5] for more on early algebra.
75 [Woepcke, 1851, Arabic 1].
76 [Woepcke, 1851, Arabic 4;2; Kasir, 1931, 47].
77 [Woepcke, 1851, Arabic 4;13, 4;14, 5;6, 5;7, 5;17, 6;18, 7;7, 7;11; Kasir, 1931, 47-52;1].
78 Jens Høyrup holds a different interpretation of the shortened al-jabr. See [Høyrup, 1986, Sections IV through Appendix I, 456–477]; Høyrup,
2001, “Adoptions III,” 112–121, and “Al-jabr Revisited,” 124–125]. We will treat this question in depth in a future article.
79 IB 50/35;17. A full translation of this problem appears in the Appendix.
80 Problems (28) 45;20; 47;3, (29) 48;3; 48;10, (30) 49;1, (31) 49;10, (32) 50;2.
81 Problems (15) 71;gloss, (18) 72;10, (44) 94;9, (53) 99;17, (61) 122;13.
82 A 72;10, L 1918, H 128;14.
83 [al-H
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ar, 1194, 79v;10, 79v;12].
84 [Saidan, 1986, vol. 2, 560;2, 560;21, 562;16, etc.].
85 [Anbouba, 1978, 75, n. 46]. “La résolution de l’équation par un ensemble d’opérations dont la 1ère est la suppression des termes semblables.”
56 J.A. Oaks, H.M. Alkhateeb / Historia Mathematica 34 (2007) 45–61where muqa¯bala is used this way, the equation has already been fully simplified. As a typical example, al-Khwa¯rizmı¯
writes in problem (21), “So it becomes for you X + 20 14 = 11 14x. So confront (qa¯bil) this with what I described to
you about halving the roots, God willing.” 86 He is instructing the reader to confront this equation with the solution to
the sample type 5 equation given in the beginning of the book, which includes working it out. The word muqa¯bala is
used in a like manner at the end of problems (10), (23), and (24). The equation for problem (9) is nearly simplified, to
100 + X − 20x = 10x, when he makes the same statement.
Abu¯ Ka¯mil uses muqa¯bala this way 14 times in 9 problems, though he does it a little differently.87 Instead of
working the equation to the point of applying the procedure, he stops as soon as his equation is set up. In problem
(23): “4 25x − 15X = 10 − x. So confront (qa¯bil) it with what I described to you. So it results in x = 2 which is one of
the two parts, and the other is 8.” 88 Between al-Khwa¯rizmı¯ and Abu¯ Ka¯mil it seems that muqa¯bala is used to refer
the reader to what was previously explained.
Abu¯ Ka¯mil also uses another word in the same situation. The verb amala (to work) is used to mean “work it out.”
One example out of 20 is from problem (13): “24 49 + 1 79X − 13 79x = X. So you work it out (tamal) with what I
described to you, so it results in x = 2. . . .” 89 Ibn Badr also uses amala, at the end of problems (1), (6), (11), (13),
and (14). In (1) we find “So work it out (imal) with what was introduced in the fifth problem.90 Your result is that one
of the two parts is one, and. . . the second [part] is nine.” 91
It is not just in algebra that an author may want to defer to a previously explained method. The solutions by
geometry of problems (27) and (47) in the Liber Mensurationum reduce to the question of problem (25). In (47):
“work this out (fac) according to that which is said before and solve it, God willing.” 92 We do not know what Arabic
word lies behind facere here, but it is probably amala or qabila.
4.5. Bringing together the meanings of al-muqa¯bala
We can now classify four different uses of muqa¯bala:
(a) Confront like terms (Section 3.6 above). In algebra, like terms on opposite sides of an equation are confronted,
resulting in their difference on one side. Muqa¯bala is also used this way to calculate differences in double false
position by confronting the true value with one calculated from a guess.
(b) Confront two algebraic expressions (Section 4.3). Two expressions are confronted (set equal) to form an equation.
The confrontation usually also entails solving the equation.
(c) Confront an equation with a previously explained solution (Section 4.4). This entails also following the previously
explained method to arrive at the answer. Abu¯ Ka¯mil and Ibn Badr also use amala (“to work out”) to mean the
same thing, and the same idea lies behind some solutions by geometry in the Liber Mensurationum.
(d) As an abbreviation for al-jabr wa’l-muqa¯bala (to simplify using al-jabr and/or al-muqa¯bala) (Section 4.1).
In (a), (b), and (c) the word muqa¯bala takes the meaning of “to confront.” In most cases the confrontation includes
the working of the two parts, resulting in some outcome. Further, the word was used in nonalgebraic solutions to
mathematics problems in sense (a), and probably also in sense (c). These uses are all consistent with its quotidian
meaning, and are not at all confusing once it is recognized that muqa¯bala is not a technical term for a specific algebraic
operation.
86 R 57/41;7, M&A 48;1.
87 Problems (2) 54;22; 55;15; 55;21, (11) 68;19, (12) 69;10, (19) 72;18, (23) 75;3; 75;17, (24) 76;6, (28) 81;2; 81;12, (44) 94;14, (61) 121;6;
125;3.
88 A 75;2, L 2006, H 134;1.
89 A 71;2, L 1877, H 124;26.
90 That is the procedure for the solution of the simplified equation of type 5 (aX + c = bx).
91 The problem was to divide 10 into two parts subject to a particular condition, and the answer is that the parts are 1 and 9. (IB 33/24;11.)
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“Fac ergo secundum quod de eo predictum est et invenies, si Deus voluerit.” [Busard, 1968, 97;10]
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After dispensing with some interesting but misguided theories about the meaning of al-jabr, D. Pietro Cossali
mentioned in his 1797 book that Egidio Menagio (17th century) gave the etymology of “algebra” as “the restoration
of a broken thing.” 93 Building on this, he correctly saw that al-jabr means the “restoration” of a term “broken” by
subtraction.94 Other historians have also correctly understood that it is the diminished quantity that is “restored.”
Michel Chasles described al-jabr as “reestablishing [the minuend] in its entirety,” 95 and Willy Hartner saw this
restoration as a “filling up” of what was taken away.96
These historians tell us well enough how the word jabr was used in algebra. But it takes an understanding of me-
dieval subtraction to explain why it was used. For this one needs to see A−B as a diminished A in need of restoration.
Luis Radford expressed the idea in the context of Latin/Italian algebra: “Abacist mathematicians conceptualize alge-
braic expressions with subtractions as incomplete objects. Thus, the subtracted part (let us say B) in an expression
A − B is seen as a missing part of the original part A. . . .” 97 Applying this idea to Arabic algebra, he saw that the A
is restored (with al-jabr) by adding B .
Two works to which scholars currently refer for explanations of the meanings of al-jabr, al-muqa¯bala, and the
phrase al-jabr wa’l-muqa¯bala are by Solomon Gandz and George Saliba.98 Finding no satisfactory explanation for
the meanings of al-jabr and al-muqa¯bala in equations, Gandz concluded that the Arabs themselves did not know
the origin of the two terms. He also suggested that the name for the art in “olden times” (before al-Khwa¯rizmı¯) was
merely al-jabr. Following this, he noted that gabrû-mah
.
âru, the Akkadian predecessor of jabr, meant “to be equal,
to correspond, to confront, or to put two things face-to-face,” 99 which is very close to the meaning of the Arabic
qabila. Gandz concluded that the original Akkadian name for the art of algebra was merely gabr, and that the Arabs
added al-muqa¯bala to the name to explain what the unintelligible gabr could not. He translated the phrase ilm al-jabr
wa’l-muqa¯bala as “the science of equations.”
His evidence for the antiquity of al-jabr as the name for the art does not work. It consists of references to the
word in al-Khayya¯mı¯’s Algebra,100 but these do not by any stretch suggest that al-jabr was used this way before the
appearance of the phrase al-jabr wa’l-muqa¯bala. It was the lack of a good explanation of the use of jabr in Arabic
algebra books which prompted Gandz to turn to the meaning of its Akkadian predecessor, gabr. Because we have
shown the consistency and logic behind the different uses of jabr and muqa¯bala, there is no need to follow him in a
search for another origin for the terms.
Saliba settled on this explanation: “Hence the science al-jabr wa’l-muqa¯balah is the science by which one forces
[jabr] the unknown to acquire certain values and checks [muqa¯bala] the appropriate value by comparing the results
with the original conditions of the problem.” 101 His understanding of jabr hinges on a statement in al-Karajı¯’s Ka¯fı¯,
where the author explains how to solve problems using algebra. After saying that the elimination of subtracted quanti-
ties by addition is al-jabr, and the elimination of denominators through multiplication is also al-jabr, al-Karajı¯ writes
“You do all that to get the unknown closer to the domain of the known. And whatever leads to that is al-jabr. . . .” 102
Saliba did not translate the passage beyond this, but it continues “. . . until the problem becomes ready for confronta-
93
“le rétablissement d’une chose rompue” [Cossali, 1797–1799, I, 33].
94
“Algebra [i.e., al-jabr] significa ristaurazione, non però delle frazioni, ma sì dei membri dell’equazione diminuiti dai termini sottrattivi, che
hanno. Anche la sottrazione cagiona una spezie di rottura; e perciò l’etimologìa recata da Menagio, che in generale offre al pensiero il ristabilmento
di una cosa rotta, si può, tanto quanto, applicare convenientemente all’algebra, intendendo per la cosa rotta il membro dell’equazione in certo modo
rotto per sottrazione.” [Cossali, 1797–1799, 34]
95
“Quand, dans un membre d’une équation, une quantité positive est suivie ou affectée d’une quantité négative, on restaure la quantité positive,
c’est-à-dire qu’on la rétablit dans son intégralité. Pour cela on ajoute aux deux membres de l’équation une quantité egale, au signe près, à la
quantité négative.” [Chasles, 1841, 606, his italics]
96
“. . . al-djabr means eliminating quantities prefixed by illa¯. . . by adding these quantities, in accordance with the usual meaning ‘restoring,’
especially ‘filling up (the lacking sum of money).’ ” [EI2, 1954–2003, I, 361–362]
97 [Radford, 1995, 31–32].
98 [Gandz, 1926; Saliba, 1972].
99 [Gandz, 1926, 439].
100 [Gandz, 1926, 439, n. 1].
101 [Saliba, 1972, 190].
102 [Saliba, 1972, 194, his translation].
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Al-Karajı¯ then gives solutions to the six simplified equations. The part left out by Saliba tells us that al-Karajı¯’s “def-
inition” covers only the beginning of the solution to a problem. So jabr, as it is used here, cannot mean the forcing of
the unknown to take certain values.
Saliba’s interpretation of muqa¯bala also stems from a misunderstanding of a passage in al-Karajı¯’s Ka¯fı¯. In explain-
ing how to solve problems al-Karajı¯ writes, “Its computation is to assume the original capital as one thing and you
operate on it as the questioner tells you, under the conditions of the problem. Then qa¯bil what you get with the known
that the questioner gives you. . . .” 104 Qa¯bil is used here to confront two expressions, not to check answers. Recall that
in Ibn Badr’s problem (14)105 the solution begins by computing the product ( 13x + 1)( 14x + 1). This is what is meant
by “operate on it as the questioner tells you.” The resulting expression is then confronted with the 20, “the known that
the questioner gives you.” Ibn Badr wrote “You confront (tuqa¯bil) this with the twenty dirhams.” Saliba interpreted
“operate on it” as entailing all the steps of algebraic simplification down to finding the solution, which forces qa¯bil to
mean “check the answer.” 106
6. Summary: the etymology of “algebra”
The Arabic words al-jabr and al-muqa¯bala were appropriated from everyday language into arithmetic and algebra
in nontechnical ways. We saw al-jabr used in arithmetic by Ibn al-Ha¯im to restore diminished numbers, and by
Ibn al-Banna¯ and al-H. as.s.ar to restore a given number to a larger desired number. The latter two also write of the
confrontation (al-muqa¯bala) of numbers when solving a problem by double false position. In algebra the words were
used in a variety of contexts, serving essentially the same purposes: jabr was most often used to “restore” a quantity
diminished by subtraction, but it could also take the place of ikma¯l to “restore” a fraction of a X to a full X. Muqa¯bala
was used to “confront” like terms, to “confront” two expressions, and to “confront” one solution with another. Along
with ikma¯l, radd, tama¯m, and h
.
at
.
t
.
, these two words were employed not as technical terms for specific operations, but
as common words to be read according to their everyday meanings.
Despite the fact that the steps of simplification are few, and are used over and over again in the solutions to
problems, the choice of words to describe them never became standardized. For a given goal the most we can say is
that certain words were used more often than others. Even individual algebraists were not consistent with their terms.
Practical mathematics admits no axioms or theorems, and there need be no agreement on the precise uses of words.
All that matters is that the texts be understandable.
What is uniquely algebraic is the phrase al-jabr wa’l-muqa¯bala. It began as a shorthand way of saying “by al-jabr
and/or al-muqa¯bala,” and in this capacity it was sometimes shortened to just al-muqa¯bala. From there it became the
name of the art of algebra. As the name given to the art, al-jabr wa’l-muqa¯bala was transliterated, not translated,
into Latin and Italian. Gerard’s title has algebra et almuchabala, and Robert writes algebre et almuchabolae. In
Italian abbacus texts we find variations such as aligibra amichabile and alcibra amuchabile. In all three languages
the second word is often dropped. We saw the contraction to al-jabr in al-Khayya¯mı¯ and al-H
.
as
.
s
.
ar, and in the Liber
Mensurationum the method is called aliabra. Different Italian books have argibra, alcibra, algebra, and even aliabraa
argibra. The English word “algebra” derives from the Italian spelling.107
Appendix. Translation of Ibn Badr’s problem (14)
If he said to you a quantity (ma¯l): you multiplied its third and a dirham by its fourth and a dirham, so it comes to twenty. Its
rule is that you multiply a third thing and a dirham by a fourth thing and a dirham, and you confront this with the twenty
dirhams. Your result is that the quantity is twelve. It is the value of the thing, which is the quantity. So if we multiplied its
third and a dirham by its fourth and a dirham it comes to twenty, according to the condition. Using al-jabr wa’l-muqa¯bala
103 [al-Karajı¯, 1986, 170;3]. See [Sesiano, 1977, 302] for a French translation of this passage. We will discuss al-Karajı¯’s explanation in a future
article.
104 [Saliba, 1972, 199, his translation].
105 This problem is fully translated in the Appendix.
106 [Saliba, 1972, 200]. He gives another example after this, and again misinterprets the word.
107 [Smith, 1953, vol. 2, 389].
J.A. Oaks, H.M. Alkhateeb / Historia Mathematica 34 (2007) 45–61 59leads to half of a sixth ma¯l and three sixths thing and half of a sixth thing and a dirham, which equals twenty dirhams.108
So subtract the dirham from the twenty. And you restore the half of a sixth ma¯l so that it yields for you a ma¯l, which
is by multiplying it by twelve. And you multiply all that you have by twelve. So you get a ma¯l and seven things equals
two hundred dirhams and twenty eight dirhams. And work it out (amal) [according] to what was presented in the fourth
problem. So your result is that the value of the thing is twelve, which is the desired quantity. So understand this, and you
will get it right, God willing. [Sánchez Pérez, 1916, Spanish p. 50, Arabic p. 35]
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